We study theoretically the effects of interfacial Rashba and Dresselhaus spin-orbit coupling in superconductor/ferromagnet/superconductor (S/F/S) Josephson junctions-with allowing for tunneling barriers between the ferromagnetic and superconducting layers-by solving the Bogoljubovde Gennes equation for realistic heterostructures and applying the Furusaki-Tsukada technique to calculate the electric current at a finite temperature. The presence of spin-orbit couplings leads to out-and in-plane magnetoanisotropies of the Josephson current, which are giant in comparison to current magnetoanisotropies in similar normal-state ferromagnet/normal metal (F/N) junctions. Especially huge anisotropies appear in the vicinity of 0-π transitions, caused by the exchangesplit bands in the ferromagnetic metal layer. We also show that the direction of the Josephson critical current can be controlled (inducing 0-π transitions) by the strength of the spin-orbit coupling and, more crucial, by the orientation of the magnetization. Such a control can bring new functionalities into Josephson junction devices.
I. INTRODUCTION
The interplay of superconductivity and ferromagnetism can bring spectacular effects [1] [2] [3] . Perhaps most striking is the emergence of π states [4] [5] [6] [7] [8] in S/F/S junctions. The exchange coupling in the ferromagnetic layer can add an extra π shift to the superconducting phase difference and lead to a reversal of the Josephson current, compared to the usual state (0 state) of the junction. The initial demonstration of the π state in Nb/CuNi/Nb trilayers [9] , and subsequent experimental studies [3, [10] [11] [12] , have boosted hopes for finding ways to control 0-π transitions, thereby controlling the direction of the supercurrent. Such a control could not only be important for manipulating proposed superconducting π qubits [13] , but also for bringing spintronics functionalities [14, 15] into superconducting quantum computing circuits [16] [17] [18] and Josephson junction technology [12, 19, 20] .
Contact interfaces invariably introduce spin-orbit fields into the constituent regions.
There is always the Rashba (or Bychkov-Rashba) field [21] , which is present due to the space inversion asymmetry of the heterostructure. If also bulk inversion symmetry is broken, as it is the case with tunneling barriers of III-V zinc-blende semiconductors such as GaAs [22] , there will additionally be a spin-orbit field of the Dresselhaus type [23] . The interference of both spin-orbit fields results in a C 2v symmetric field [15, 24] , which reflects the symmetry of the corresponding interface. In normal-state F/N junctions, these spin-orbit fields are responsible for transport magnetoanisotropies, exemplified by the tunneling anisotropic magnetoresistance (TAMR) [25] , which has already been observed in epitaxial-quality Fe/GaAs/Au tunnel junc- * Corresponding author: andreas.costa@physik.uni-regensburg.de tions [26] . Much larger anisotropies were recently predicted for the differential conductance of superconducting F/S junctions [27] , mainly caused by unconventional Andreev reflection of incoming electrons at the F/S interface. Therefore, the related effect was termed magnetoanisotropic Andreev reflection (MAAR).
Many unique phenomena are bound to occur when spin-orbit fields couple with magnetism and superconductivity. This topic is driven mainly by the research of Majorana states, which are believed to appear in the presence of spin-orbit fields in superconducting proximity regions [28] [29] [30] , even in the presence of a magnetic order [31, 32] . In F/S junctions, a supercurrent can be spin polarized due to the formation of Cooper pair triplets [33] [34] [35] [36] [37] . It has been proposed that spin-orbit coupling can facilitate the triplets formation, leading to a long-range proximity effect in ferromagnets [38] [39] [40] . Spin-orbit fields can even induce superconducting proximity effects in half metals [31] . Moreover, magnetic anisotropies of the critical current with respect to the orientation of the present spin-orbit fields have been predicted to occur in lateral S/nanowire/S Josephson junctions with a Zeeman splitting [41] [42] [43] , as well as in diffusive vertical S/F/S Josephson junctions [44] .
In this paper we investigate the (dc) Josephson effect [45, 46] in ballistic vertical S/F/S junctions in the presence of interfacial Rashba [21] and Dresselhaus [23] spin-orbit fields. We are particularly interested in the unique signatures of the interplay of the Josephson effect, spin-orbit fields, and ferromagnetism. The paper is structured in the following way. The theoretical model used for our studies is introduced step by step in Sec. II. We construct the Bogoljubov-de Gennes scattering states in the different regions of the Josephson junction for the injection of electronlike and holelike quasiparticles from the left superconducting electrode, and apply the Furusaki-Tsukada method [47] to express the total Josephson current in terms of scattering coefficients in the Bogoljubov-de Gennes scattering states.
In Sec. III we first concentrate on S/F/S Josephson junctions in which the interfacial spinorbit fields are absent. We numerically evaluate the Josephson current for realistic model junctions and recover previously obtained results [48] , suggesting that transitions between 0 and π states can be controlled by altering the thickness of the metallic interlayer. In the following section we study the impact of interfacial SOC on the Josephson current flow. We exemplarily focus on the effects caused by the presence of Rashba spin-orbit fields. On the one hand, our calculations confirm that interfacial spin-orbit fields can indeed convert spin-singlet into spin-triplet Cooper pairs via interfacial spin flips and remarkably enhance the Josephson current, as already observed in diffusive NbTiN/CrO 2 /NbTiN Josephson junctions [49] . On the other hand, we predict that modulating the strengths of the Rashba fields may also induce a switching between 0 and π states, without changing the thickness of the metallic interlayer. Section V is devoted to the impact of differing Fermi wave vectors or effective masses in the superconducting and ferromagnetic components on the Josephson current flow. Furthermore, we show in Sec. VI that interfacial Rashba spin-orbit fields give rise to marked out-of-plane magnetoanisotropies of the Josephson current, while the interference of Rashba and Dresselhaus fields leads to in-plane magnetoanisotropies. The amplitudes of this magnetoanisotropic Josephson current (MAJC) are not only giant when compared to the normal-state TAMR [24, 26] , but even larger than the recently predicted giant MAAR ratios in single F/S tunnel junctions [27] . Finally, we demonstrate that also the magnetization orientation can be used in experiments to manipulate 0 to π transitions in Sec. VII. Additional calculations to clarify the influence of the interlayer thickness or the strength of the exchange splitting in the ferromagnet on the outcomes are attached in the Appendices.
II. THEORETICAL MODEL
The considered S/F/S Josephson junction consists of two semi-infinite superconducting regions (z < 0 and z > d), which are weakly coupled by a ferromagnetic link with thickness d. The system is schematically shown in Fig. 1(a) . At the flat interfaces between the different parts of the system, ultrathin tunneling barriers introduce potential and spin-orbit coupling (SOC) scattering. To compute the (dc) Josephson current flowing across the Josephson junction, we generalize the Furusaki-Tsukada technique [47] , which allows us to relate the Josephson current to the Andreev reflection coefficients in the Bogoljubov-de Gennes scattering states for incoming quasiparticles from the left superconducting electrode. The addressed scattering states Ψ(r) for quasiparticles with excitation energy E are obtained by solvingŜ the stationary Bogoljubov-de Gennes equation [50] [51] [52] Ĥ e∆Ŝ
where the single-particle Hamiltonian for electrons
, whereas the one for holes isĤ h = −σ yĤ * eσy . The effective masses of quasiparticles m(z) are m S in the two superconducting regions (z < 0 and z > d) and m F in the ferromagnet (0 < z < d). Accordingly, the chemical potentials µ(z) are given by µ S and µ F . The ferromagnetic material is described by the Stoner band model with the exchange energy gap ∆ XC . The magnetization direction is determined by the unit vectorm = (sin Θ cos Φ, sin Θ sin Φ, cos Θ) [see Fig. 1(b) ] andσ comprises the Pauli spin matrices. The potential and SOC scattering at the left (L) and right (R) interfaces are modeled byĤ
and d L (R) are the heights and widths of the deltalike barriers, respectively, while the effective interfacial spin-orbit fields
and
0] include both Rashba and linear Dresselhaus terms [14, 15] , parametrized by α L (R) and β L (R) .
Neglecting the proximity effect in the ferromagnetic layer, the superconducting pairing potential can be approximated by the steplike behavior∆ S = |∆ S | Θ(−z) + |∆ S | e iφS Θ(z − d) 1 2×2 (the accuracy of this approximation was discussed, for instance, by Likharev [19] and Beenakker [53] earlier), where |∆ S | is the isotropic energy gap in the two s-wave superconductors and φ S is the macroscopic phase difference across the junction.
We first solve the Bogoljubov-de Gennes equation in the three regions of the Josephson junction separately to obtain the corresponding scattering states Ψ(r) for the injection of electronlike and holelike quasiparticles from the left superconducting electrode. Since the wave vector
T parallel to the interfaces is conserved,
in Eq. (1) to reduce the scattering problem to an effective one-dimensional description for the unknown states Ψ(z).
For an incident electronlike quasiparticle with spin up from the left superconducting lead, the solutions of the reduced Bogoljubov-de Gennes equation in the three components of the junction are
with the BCS coherence factors
Theẑ-components of the wave vectors for electronlike (holelike) quasiparticles in the superconducting regions can be written as q ez (hz) =
, whereas the spin-resolved wave vectors for electrons and holes in the Stoner ferromagnet with a spin parallel (↑) or antiparallel (↓) to the magnetization directionm are
respectively. Thereby, q F and k F denote the Fermi wave vectors in the superconducting and ferromagnetic constituents of the Josephson junction. The spinors for electrons and holes in the ferromagnetic region have the form χ
The unknown scattering coefficients a (1) and b (1) in the given scattering states indicate normal reflection of the incoming electronlike quasiparticle at the left interface without and with a spin flip, respectively, while c
(1) and d (1) are the corresponding spin-resolved Andreev reflection coefficients. Accordingly, transmission into the right superconductor as an electronlike or holelike quasiparticle with spin up or spin down is incorporated in the amplitudes m (1) , n (1) , o (1) , and p (1) . To attain these scattering coefficients, we apply the boundary conditions
to the obtained scattering states and numerically solve the resulting linear system of equations for the scattering coefficients.
The Bogoljubov-de Gennes scattering states for the injection of an electronlike quasiparticle with spin down, as well as for incoming holelike quasiparticles with spin up or spin down from the left superconducting electrode are constructed in the same way.
Following the Furusaki-Tsukada technique [47] , the (dc) Josephson current is given by
where e is the (positive) elementary charge, k B is the Boltzmann constant, A denotes the contact area, and q ez (hz) (iω n ) are theẑ-components of the wave vectors for electronlike (holelike) quasiparticles in the superconductors (see above) after analytically continuing E to iω n [ω n = (2n + 1)πk B T with n = 0, ±1, ±2, . . . are the fermionic Matsubara frequencies]. As explained before, the scattering coefficient d (1) refers to the situation that an incoming electronlike quasiparticle with spin up is Andreev reflected as a holelike quasiparticle with the same spin at the left junction interface. Analogously, d (2) , d (3) , and d (4) are the Andreev reflection amplitudes for the other involved quasiparticle injection processes. The temperature dependence of the superconducting energy gap within the BCS theory is |∆ S (T )| = |∆ S (0)| tanh(1.74 T C /T − 1), with T C being the critical temperature of the superconductor and |∆ S (0)| its energy gap at zero temperature. Finally, the two-dimensional integration over the in-plane wave vector k is introduced to average over all possible directions of incoming quasiparticles.
For a numerical evaluation of Eq. (12), we use realistic values for the superconducting energy gap and the critical temperature of conventional superconductors, i.e., |∆ S (0)| ∼ 2.5 meV and T C ∼ 16 K [for instance [54] , V 3 Ga alloy has |∆ S (0)| V3Ga ≈ 2.7 meV and
For the Fermi level in the ferromagnet, we take a typical value of µ F = 1000 |∆ S (0)|. To compactify the analysis, we define dimensionless parameters:
, where k F and q F are the Fermi wave vectors in the ferromagnetic and superconducting regions, determines the strength of the potential barrier at the left (right) interface, P = (∆ XC /2)/µ F quantifies the spin polarization in the ferromagnet, and λ
Rashba and Dresselhaus SOC at the left (right) interface. Since the Rashba SOC strengths α L (R) in the Josephson junctions depend not only on the concrete combinations of ferromagnetic and superconducting materials, but also on the bands contributing to electrical transport, these parameters are typically unknown and have to be extracted from ab initio calculations [24] . Therefore, we will treat λ α L (R) as phenomenological parameters throughout this paper. Mismatches of the effective masses and the Fermi wave vectors in the superconducting and ferromagnetic constituents of the junctionthe latter result from different charge carrier densities in the materials [52] -are included in the dimensionless parameters F K = q F /k F and F M = m S /m F , respectively. Table I summarizes all used system parameters in a compact way. 
Rashba SOC at left interface In the following, we present numerical results for the Josephson current at low temperature T = 0.1T C . To simplify the discussion and illustrate the main points, we mostly suppose equal effective masses and Fermi wave vectors in all components of the Josephson junction, i.e., F K = F M = 1. The impact of Fermi wave vector or mass mismatch on the outcomes is analyzed in Sec. V.
III. REVERSAL OF JOSEPHSON CURRENT INDUCED BY CHANGING THE INTERLAYER THICKNESS
At first, we investigate the pure influence of changing the effective thickness k F d of the metallic interlayer on the Josephson current flow across the regarded Josephson junctions. Figure 2 
For the spin polarization in the metallic interlayer, we choose a realistic value of P = 0.7, which would correspond in experiments to an iron layer, and the magnetization direction is aligned perpendicular to the junction interfaces. To evaluate the Josephson current numerically, the superconducting phase difference across the junction is set to a fixed value, for instance, φ S = 0.3π. The qualitative results occurring at other superconducting phase differences 0 < φ S < π are analog and not explicitly presented. Since present-day microfabrication techniques enable the experimental realization of ballistic metal/superconductor multilayer structures with highly transparent interfaces [55] [56] [57] , we concentrate on the cases of perfectly transparent junctions as well as weak symmetric tunneling barriers at the interfaces, modeled by Z L = Z R = 0 and Z L = Z R = 0.5, respectively.
Even in junctions with perfectly transparent interfaces (Z L = Z R = 0), the Josephson current exhibits an oscillatory dependence on the effective interlayer thickness k F d. Our model calculations show that, owing to these oscillations, the direction (sign) of the Josephson current flow can be reversed for certain values of k To become more familiar with the physical concepts behind the 0-π transitions [58, 59] , we have a closer look at the intermediate metallic region. Due to the proximity effect, spin-singlet Cooper pairs can leak from one superconductor across the interlayer into the other one, inducing superconducting correlations in the metal and generating a net supercurrent flow across the system. However, if the central region consists of a ferromagnet, the exchange interaction in the material opens an exchange energy gap between the spin up and spin down subbands. Consequently, the majority spin electron of the penetrating Cooper pair lowers its potential energy in the metallic interlayer, whereas that of the minority spin electron increases. Since the total energy of the electrons needs to be conserved, the kinetic part must compensate the changes of the potential energies and the Cooper pair acquires a finite center-of-mass momentum. This response of the transferred Cooper pairs to the spindependent potentials in the ferromagnet gives rise to spatial oscillations of the proximity-induced superconducting order parameter in the ferromagnetic layer [58, 59] . If the thickness of the metallic region is now comparable to half of the period of these oscillations, the superconducting order parameter may differ in sign at both junction interfaces and an additional intrinsic π shift to the superconducting phase difference, entailing a transition from 0 to π states, may arise.
In the presence of weak interfacial barriers (Z L = Z R = 0.5), additional oscillations due to quasiparticle resonances (so-called geometrical oscillations [60] ) are superimposed on the oscillations originating from the exchange interaction. Nevertheless, the previous arguments concerning 0-π transitions are still valid and crossovers between 0 and π states are again possible for certain values of effective interlayer thickness k F d.
To characterize the transitions between 0 and π states further, the calculated dependence of the Josephson current on the superconducting phase difference (currentphase relation) is shown for different effective interlayer thicknesses k , increasing the effective interlayer thickness from k F d = 12.6 to k F d = 13.1 gives rise to a crossover from π to 0 states. In the transition region in between (k F d ≈ 12.7 . . . 13.1), the coexistence of 0 and π states leads to nonsinusoidal variations of the current-phase relation. These outcomes are fully consistent with earlier obtained results of Radović and co-workers [48] . Similar characteristics were also predicted for 0-π transitions controlled by changing the temperature [48] or in the presence of inhomogeneous magnetization [61] in S/F/S junctions, as well as in S/F/c/F/S junctions with geometrical constrictions [62] . Moreover, a crossover between 0 and π states may also be achieved in dirty S/F/S Josephson junctions by reducing the interfacial transparency [4, 63] .
If moderate barriers [Z L = Z R = 0.5; see 
IV. SPIN-ORBIT COUPLING INDUCED 0-π π π TRANSITIONS AND INCREASE IN CRITICAL CURRENT
To study the impact of interfacial SOC on the Josephson current flow, the current-phase-relation for a realistic S/F/S Josephson junction is shown for various strengths of symmetric Rashba spin-orbit fields at the junction interfaces (λ Fig. 4 . The situation of antisymmetric Rashba spin-orbit fields (λ
is rather unrealistic in real junctions and therefore not considered in this paper. The spin polarization in the ferromagnet is again chosen to be P = 0.7, its effective thickness is k F d = 8.2 (these parameters would correspond in experiments to an iron interlayer with thickness d ≈ 1 nm as k F ≈ 8.05 × 10 7 cm −1 in iron [64] ), and the magnetization direction is oriented perpendicular to the ferromagnetic layer. To simplify the discussion, Dresselhaus SOC is absent (λ β L = λ β R = 0) in all calculations throughout this section. Since reducing the interfacial transparency would not significantly change the qualitative features, we solely discuss the calculations for a junction with moderate interfacial barriers (Z L = Z R = 0.5).
Without interfacial Rashba SOC (λ α = 0), the junction is in the 0 state, in which the Josephson current approaches a sinusoidal dependence on φ S . Increasing the strengths of the Rashba fields slightly, reverses the direction (sign) of the Josephson current flow [see Fig. 4(a) ] and leads to a crossover from 0 to π states. Characteristic for the transition region between pure 0 and π states (λ α ≈ 0.40 . . . 0.55) is again a nonsinusoidal variation of the current-phase relation due to the coexistence of 0 and π states as we already explained for the 0-π transitions controlled by altering the interlayer thickness in Sec. III. However, our calculations suggest that analogous physical effects may also be caused by modulating the strength of the interfacial Rashba fields, e.g., by means of an applied gate voltage [65, 66] , without the need to change the interlayer thickness of the Josephson junction.
Regarding the amplitudes of the Josephson current, the critical current becomes already at a moderate Rashba SOC strength of λ α = 0.7 greater than in a junction without SOC. This is due to additional contributions to the Josephson current from spin-flip processes at the interfaces, enabled by the presence of spinorbit fields. Increasing the Rashba SOC strength λ α further [see Fig. 4(b) ], the critical current first increases again, reaching its maximal value for λ α ≈ 2.0; the critical current there is one order of magnitude greater than the critical current in the absence of SOC. Nevertheless, we need to mention that SOC also introduces more scattering at the interfaces. This scattering starts to dominate at λ α 4.0 and reverses the increasing trend in the critical current.
If the magnetization direction in the ferromagnetic layer is aligned parallel to the layer, the main qualitative physical characteristics do not change (see Fig. 5 ). Increasing the Rashba SOC strength from λ α = 0 still gives rise to a crossover from 0 to π states. Compared to the previously discussed case, in which the magnetization was oriented perpendicular to the ferromagnet, slightly stronger Rashba spin-orbit fields are required to induce 0-π transitions in the junction with in-plane magnetization and also the region of coexisting 0 and π states is somewhat larger (λ α ≈ 0.55 . . . 0.75) than before [λ α ≈ 0.40 . . . 0.55; see Fig. 4(a) ]. A further increase of the Rashba SOC parameter again reflects the nonmonotonic dependence of the Josephson current on the SOC strength as its amplitudes first increase due to the formation of spin-triplet Cooper pairs, but finally decrease owing to the additional scattering introduced by SOC. However, when comparing the outcomes to the ones for perpendicular magnetization in Fig. 4 , we observe that the critical current is remarkably smaller for all considered strengths of Rashba SOC and in-plane magnetization, suggesting that the genera- 
V. IMPACT OF FERMI WAVE VECTOR OR MASS MISMATCH ON THE JOSEPHSON CURRENT
In this section we want to illustrate the influence of different effective masses or Fermi wave vectors in the superconducting and ferromagnetic constituents of the considered S/F/S Josephson junctions on the Josephson current flow. To quantify mismatches of the effective masses or Fermi wave vectors, we have introduced the dimensionless parameters
First, we suppose equal effective masses of quasiparticles in all components of the Josephson junctions (F M = 1) and study the consequences of different Fermi wave vectors in the superconducting and ferromagnetic regions, which originate in real junctions from differing charge carrier densities in the materials [52] . To investigate the effects of different effective masses in the superconductors and ferromagnet, the I J -k F d relation is presented for the same junction as before, but with equal Fermi wave vectors (F K = 1) and differing effective masses in the superconducting and metallic parts in Fig. 7 . Similarly to the discussion of Fermi wave vector mismatch, we also distinguish the situations of no mass mismatch (F M = 1), moderate mismatch (F M = 0.7), as well as strongly differing effective masses (F M = 0.4). Again, the oscillatory dependence of the Josephson current on the effective interlayer thickness k F d is still clearly visible, even at large mass mismatch. As we have already asserted for different Fermi wave vectors in Fig. 6 , also an increase of mass mismatch (which means decreasing F M ) shifts the transition points, separating 0 and π states, to other values of the effective interlayer thickness k F d.
From the presented calculations, we can conclude that the influence of Fermi wave vector or mass mismatch on the I J -k Radović and co-workers [48] .
At the end of this section, we briefly analyze the effects of Fermi wave vector or mass mismatch on the spin-orbit coupling induced 0-π transitions predicted in Sec. IV. To find the most general features, we focus on two cases: in the first one (see Fig. 8 ), we assume equal effective masses (F M = 1) and moderate Fermi wave vector mismatch (F K = 0.7), whereas in the second one (see Fig. 9 ), the Fermi wave vectors are equal (F K = 1) and moderate mismatch of the effective masses (F M = 0.7) is present. The other junction parameters are the same as for the junction discussed in Sec. IV, i.e., weak interfacial barrier strengths (Z L = Z R = 0.5), spin polarization P = 0.7, and effective interlayer thickness k F d = 8.2. In order to compare the results to the situation without any mismatches (see Fig. 4) , we show the current-phase relation for weak Rashba SOC strengths in the vicinity of the induced 0- and is notably larger than in the junction with Fermi wave vector mismatch, but still not as large as in junctions without mismatches. Therefore, our calculations suggest that the enhancement of the Josephson current owing to the generation of spintriplet Cooper pairs becomes maximal in junctions without Fermi wave vector or mass mismatch. Nevertheless, since the condition of perfectly matching Fermi wave vectors or effective masses in the superconducting and ferromagnetic materials of the Josephson junction is practically not achievable, the discussed effects associated with mismatch might play a quantitative role in experiments, although they do not change the qualitative characteristics.
VI. MAGNETOANISOTROPIC JOSEPH-SON CURRENT
While the significant enhancement of the Josephson current due to the generation of spin-triplet Cooper pairs is already a first precursor for the presence of interfacial spin-orbit fields, magnetoanisotropic transport properties are a clear indication. Two configurations are important for investigating transport anisotropies in vertical junctions: out-of-plane, in which the magnetization directionm is rotated along the polar angle Θ in a plane perpendicular to the ferromagnetic layer, and in-plane, with changes of the azimuthal angle Φ ofm in a plane parallel to the ferromagnetic layer. To quantify the anisotropies in both cases, we define the out-ofplane magnetoanisotropic Josephson current (MAJC) as
and the in-plane MAJC as
with I C being the critical current. In general, the out-ofplane MAJC depends on the azimuthal angle Φ, but we choose Φ = −90
• as its reference. Numerical results for the angular dependencies of the out-of-plane and in-plane MAJC in a realistic Josephson junction with weak interfacial barriers (Z L = Z R = 0.5), spin polarization P = 0.7, and effective interlayer thickness k Similarly to earlier investigated TAMR [24, 26] and MAAR [27] effects, the interplay of ferromagnetism and the interfacial spin-orbit fields gives rise to marked magnetoanisotropies in the Josephson current flow. As a clear indication that the MAJC originates from this interplay, the characteristic C 2v symmetry of the spin-orbit fields at the interfaces is transferred to the angular dependencies of both the out-of-plane and in-plane MAJC.
Since the in-plane anisotropy stems from the interference of the interfacial Rashba and Dresselhaus spinorbit fields [14, 24, 26] , the in-plane MAJC vanishes if one of the two fields is absent. In contrast, the outof-plane anisotropy arises from the Rashba or Dresselhaus fields alone and is finite even in the presence of only one of the fields (see Appendix B), making out-ofplane MAJC measurements a robust probe for the presence of interfacial SOC, while the in-plane anisotropy is a sensitive probe of the interfacial symmetry. Owing to the complex interplay of the spin-orbit fields and ferromagnetism, the amplitudes of the out-of-plane and in-plane MAJC are very sensitive to changes of the Rashba SOC strength λ α and vary nonmonotonically with respect to an increase of λ α . Nevertheless, all calculated maximal MAJC values are giant compared to TAMR in similar junctions (for example, TAMR in Fe/GaAs/Au junctions is less than 1 % [26] ). The Josephson current flowing across the S/F/S junctions is extremely sensitive to rotations of the magnetization direction relative to the Rashba spin-orbit fields in the vicinity of 0-π transitions. Therefore, especially giant MAJC amplitudes occur close to 0-π transitions [e.g., MAJC [110] (Θ = π/2) ≈ 373 % in the out-of-plane and MAJC [110] (Φ = π/2) ≈ 213 % in the in-plane case at Rashba SOC strength λ α = 1.0], allowing one to identify the vicinity of a 0-π transition from MAJC measurements, without changing the thickness of the ferromagnetic layer in the controlling k F d parameter. At greater Rashba SOC magnitudes, the junctions are in stable π states and both the out-of-plane as well as the in-plane MAJC are remarkably suppressed.
In Appendix B we study the dependence of the MAJC on the spin polarization in the ferromagnet, covering both the Zeeman and exchange coupling magnitudes. It is worth to mention here that the predicted anisotropies are negligible in the Zeeman limit, which would correspond to exchange fields less than 1 meV.
To investigate MAJC effects experimentally, a junction geometry comparable to the one of earlier TAMR experiments [26] could be used. In such experiments, the magnetization direction of the ferromagnetic layer is typically rotated by an external magnetic field. In order to realize this in the regarded S/F/S Josephson junction, two aspects are of great importance. First, the thickness of the superconducting electrodes has to be in a range so that the applied magnetic field can penetrate into the central ferromagnetic region of the junction. On the other hand, one needs to ensure that the magnetic field does not suppress the superconducting properties in the left and right electrode of the junction. One possible way would be the usage of dysprosium magnets [67] , in which the magnetization can be oriented by an external field, but does not need the presence of the external field to remain in this position. As a consequence, the dysprosium layer in the Josephson junction could be premagnetized by applying an external magnetic field that rotates the magnetization into a certain direction. After switching off the field, the magnetic layer still shows a permanent magnetization in the chosen direction and the MAJC amplitudes can be measured without suppressing superconductivity. Moreover, transport through heterojunctions with NbN contacts has been investigated very recently [57] . Owing to the large critical fields of these superconducting electrodes (> 16 T) compared to the external magnetic fields which are typically required to tilt the magnetization in the ferromagnet (∼ 0.1 T up to a few T), Josephson junctions with NbN electrodes could also be of special interest to study the predicted magnetoanisotropic effects.
VII. REVERSAL OF JOSEPHSON CURRENT INDUCED BY CHANGING THE MAGNETIZATION ORIENTATION
Following our above discussion on the huge magnetoanisotropies close to the 0-π transitions, we now focus on the transitions themselves. We introduce the oriented critical current (I C ) ± , given by the amplitude of the critical current I C with a positive sign for 0 and a negative sign for π states. The calculated dependence of (I C ) ± on the polar magnetization angle Θ and the effective interlayer thickness k F d is depicted for realistic S/F/S Josephson junctions with weak interfacial barriers (Z L = Z R = 0.5), spin polarization P = 0.7, and moderate Rashba SOC strengths λ α L = λ α R = 0.8 (Dresselhaus SOC is again absent) in Fig. 11(a) .
As long as the magnetization is aligned perpendicular to the ferromagnetic layer, the Josephson junctions are in stable π states for all investigated values of k F d [(I C ) ± < 0]. However, close to k F d = 14.0, rotating the magnetization towards the plane reverses the supercurrent direction [(I C ) ± > 0], signifying π to 0 transitions. The impact of the Rashba SOC strength on these transitions is studied for a specific junction with k F d = 14.0 in Fig. 11(b) , which plots the dependence of the critical current I C on the magnetization polar angle Θ for various Rashba SOC strengths λ α . All other parameters are the same as in Fig. 11(a) . The results in Fig. 11(a) correspond to the case of λ α = 0.8 in Fig. 11(b) , where the transition between π and 0 states now occurs as a dip in the I C -Θ relation. The transition points are very sensitive to the Rashba SOC strength. For example, increasing the Rashba parameter from λ α = 0.8 to λ α = 1.0 shifts the first crossover between π and 0 states from Θ ≈ 0.11π to Θ ≈ 0.40π. Already for slightly weaker (λ α = 0.7) or stronger (λ α = 1.1) Rashba SOC, magnetization orientation controlled 0-π transitions are absent. Instead, the junctions are in stable 0 states in the former and stable π states in the latter case for all regarded magnetization orientations. Similar phenomena are predicted to occur in lateral S/N/S junctions with Zeeman splitting and uniform Rashba coupling [41] [42] [43] . In Appendix C we provide a detailed analysis of the interlayer thickness dependence of the transitions.
Experimental realization of these predictions could follow the same way as suggested for MAJC measurements in the previous section.
VIII. SUMMARY
In this paper we studied the interplay of the Josephson effect, interfacial SOC, and exchange coupling in ballistic vertical S/F/S junctions. Our presented numerical calculations for realistic model junctions confirmed previous findings that changing the thickness of the metallic interlayer offers one practical way to manipulate 0-π transitions. In the presence of interfacial Rashba SOC, we found that modulating the strength of these spin-orbit fields can not only significantly enhance the critical current due to the formation of spin-triplet Cooper pairs, but may also facilitate a crossover from 0 to π states, without the need to alter the thickness of the ferromagnetic layer. As a clear signature for the interfacial spin-orbit fields, we propose to investigate out-ofplane (Rashba) as well as in-plane (Rashba and Dresselhaus) magnetoanisotropies in the Josephson current flow. These anisotropies are giant compared to normal-state TAMR in magnetic tunnel junctions and even MAAR in single F/S junctions, especially in the vicinity of 0 to π transitions. Vice versa, we showed that these 0-π transitions can also be controlled by solely rotating the magnetization direction in junctions with certain interlayer thicknesses and Rashba SOC strengths. In Sec. IV we analyze the spin-orbit coupling induced 0-π transitions in a realistic model S/F/S Josephson junction. Here we qualitatively discuss the influence of the effective interlayer thickness k F d and the spin polarization P on these transitions. To simplify the analysis, we again assume equal effective masses (F M = 1) and Fermi wave vectors (F K = 1) in the superconducting and metallic regions of the regarded Josephson junctions. If not specifically indicated, the magnetization direction in the ferromagnet is aligned perpendicular to the junction interfaces. Figure 12 shows the calculated dependence of the Josephson current on the effective interlayer thickness k F d for S/F/S Josephson junctions with weak interfacial barriers (Z L = Z R = 0.5), spin polarization P = 0.7, and for three different strengths of sym- For completeness, we want to mention that a further enlargement of the Rashba SOC parameter λ α again suppresses the absolute amplitudes of the Josephson current remarkably because of the additional scattering introduced by SOC at the junction interfaces (see also previous explanations).
In S/F/S Josephson junctions, in which the interlayer consists of a half-metallic ferromagnet (spin polarization P = 1.0), the qualitative outcomes (see Fig. 13 ) are similar to the preceding situation and hence, we only address a few interesting properties specifically. In junctions without interfacial Rashba SOC (λ α = 0), the amplitudes of the Josephson current become drastically damped with an increase of the effective interlayer thickness k F d. This observation is a consequence of the density of states in half-metallic ferromagnets, in which only one spin subband is occupied at the Fermi level. The resulting insulating character for the other spin subband leads to a strong suppression of the transfer of spin-singlet Cooper pairs, consisting of two correlated electrons with opposite spin, across the metallic link and reduces the amount of supercurrent flowing in the system significantly. However, Keizer et al. reported one experiment [49] which predicts the existence of a measurable supercurrent component in the half-metallic link of diffusive NbTiN/CrO 2 /NbTiN Josephson junctions even over long length scales (d ∼ 1 µm) compared to the coherence length in half-metallic ferromagnets. Since spin-singlet Cooper pairs cannot pass through the half-metallic CrO 2 layer, the observed Josephson current flow must be attributed to the generation of spintriplet Cooper pairs via interfacial spin-flip processes at the junction interfaces [49, 68] , carrying the supercurrent across the metallic region. Within our model, spin-flip scattering at the superconductor/metal interfaces is enabled by the presence of spin-orbit fields. Indeed, the presented calculations reveal that increasing the Rashba SOC strength from λ α = 0 to λ α = 0.75 or λ α = 2.0 enlarges the probability for the conversion of spin-singlet into spin-triplet Cooper pairs at the left interface and enhances the supercurrent flow remarkably. These tendencies are also visible in the currentphase relation for a superconductor/half-metallic ferromagnet/superconductor model junction with an effective interlayer thickness of k F d = 8.2, which is presented in Fig. 14 . As in the junction with lower spin polarization (see Sec. IV), the maximal critical current appears for Rashba SOC strength λ α ≈ 2.0. Its amplitude is now more than two orders of magnitude larger than in the absence of SOC, which again reflects the dominant role of spin-triplet Cooper pairs in Josephson junctions with half-metallic links. Moreover, modulating the Rashba parameter can also be identified as one possible way to control transitions between 0 and π states in superconductor/half-metallic ferromagnet/superconductor Josephson junctions. In comparison with the system in Sec. IV (spin polarization P = 0.7), the crossover from 0 to π states is shifted to rather small SOC strengths (λ α ≈ 0.12) and the transition region, in which 0 and π states coexist, is significantly narrowed (λ α ≈ 0.11 . . . 0.13). Before finishing this part, we briefly want to discuss the calculated current-phase relation for the same junction as before, but with the magnetization direction aligned parallel to the ferromagnetic layer instead of perpendicular orientation (see Fig. 15 ). As we have already mentioned for the junction with lower spin polarization in Sec. IV, the contribution of the long-range spin-triplet su- percurrent to the total Josephson current is remarkably smaller for in-plane magnetization than for perpendicular magnetization. Therefore, the critical current in the present junction is suppressed for all regarded strengths of the interfacial Rashba spin-orbit fields compared to the junction with perpendicular magnetization (see Fig. 14) . However, increasing the Rashba parameter still gives rise to a transition from 0 to π states. The region of coexisting 0 and π states is shifted to slightly larger Rashba SOC strengths (λ α ≈ 0.16 . . . 0.18) than in the case of perpendicular magnetization (λ α ≈ 0.11 . . . 0.13). the superconducting and ferromagnetic materials (F K = F M = 1) to simplify discussions. As expected, the outof-plane MAJC is finite for all considered strengths of interfacial Rashba spin-orbit fields and reflects C 2v symmetry as a clear indication for the presence of interfacial SOC. Similarly to the junction considered in Sec. VI, the amplitudes of the out-of-plane MAJC depend sensitively on the Rashba SOC parameters and change nonmonotonically with increasing SOC strength. The maximal amplitudes of the out-of-plane MAJC can again reveal huge values-especially in the vicinity of 0-π transitions-such as MAJC [110] (Θ = π/2) ≈ 227 % for λ α = 0.75. If the metallic link is composed of a half-metallic ferromagnet (spin polarization P = 1.0; see Fig. 17 ), the nonmonotonic dependence of the out-of-plane MAJC on the strength of the interfacial Rashba spin-orbit fields still appears. For all presented Rashba SOC parameters, the (maximal) amplitudes of the out-of-plane MAJC in the half-metallic case are smaller than in the junction with spin polarization P = 0.7. Furthermore, an increase of the Rashba SOC strength impacts the MAJC amplitudes in superconductor/half-metallic ferromagnet/superconductor Josephson junctions significantly only at stronger SOC (λ α > 1.0), whereas those in the previously discussed junction with lower spin polarization are extremely sensitive to a change of the SOC parameters even at rather moderate strengths of SOC.
To get a deeper insight, how the strength of the exchange splitting in the ferromagnetic region of the junctions impacts the magnetoanisotropy in the Josephson current flow, we present the maximal amplitudes of the out-of-plane MAJC [i.e., MAJC [110] (Θ = π/2)] for interfacial Rashba SOC strength λ magnetic layer in Fig. 18 . The other system parameters are the same as in the previous calculations. The maxima of the out-of-plane MAJC are extremely sensitive to a change of the spin polarization P in the interlayer and vary nonmonotonically with increasing P . The calculated MAJC values switch sign from negative to positive values at a spin polarization of P ∼ 0.15, which is related to a crossover from 0 to π states. Noticeably huge MAJC ratios appear for rather large spin polarizations of P ≈ 0.525 (see dashed violet line in Fig. 18 ), whereas the anisotropy is nearly not measurable in junctions in which the spin polarization in the intermediate layer is extremely small (e.g., in S/N/S Josephson junctions in which an applied magnetic field gives rise to a comparatively small Zeeman splitting). The angular dependence of the out-of-plane MAJC in the regarded Josephson junctions is shown for four different spin polarizations, i.e., P = 0.3, P = 0.525, P = 0.7, and P = 1.0 in Fig. 19 . The outcomes again reveal C 2v symmetry, originating from the omnipresent interfacial Rashba spin-orbit fields, and confirm the nonmonotonic variation of the maximal MAJC amplitudes with an increase of the exchange splitting (spin polarization) in the intermediate region of the Josephson junctions (compare to dashed colored lines in Fig. 18 ). To understand the huge MAJC amplitudes at spin polarizations in the vicinity of P ≈ 0.525, which signify huge magnetoanisotropies of the critical current, we have a closer look at the dependence of the critical current flowing across the Josephson junctions on the spin polarization in the ferromagnetic layer. At first, we regard the junctions in the absence of interfacial Rashba and Dresselhaus SOC, λ Fig. 20 ). The oscillatory dependence of the Josephson current, and therefore also the critical current, on the exchange splitting (spin polarization) in the interlayer is an important property of S/F/S Josephson junctions and was studied in detail earlier [41, 42, 48] . Similarly to altering the interlayer thickness, the oscillations of the Josephson current induced by increasing the spin polarization in the ferromagnetic layer can result in 0-π transitions for certain combinations of spin polarization, effective interlayer thickness, and barrier strengths. The transition points, separating 0 and π states, are indicated by the sharp dips in the I C -P relation in Fig. 20 . In particular for the chosen parameters, we predict the existence of four transitions between 0 and π states at spin polarizations of P ≈ 0.15, P ≈ 0.4, P ≈ 0.775, and P ≈ 0.975, respectively. The amplitudes of the critical current remarkably decrease at large spin polarizations since the transfer of spin-singlet Cooper pairs, which can solely carry the supercurrent in junctions without interfacial SOC, from one superconductor into the other one across the ferromagnetic part becomes drastically suppressed with an increase of the spin polarization. As the magnetoanisotropies in the Josephson current flow stem from the interplay of the interfacial spin-orbit fields and ferromagnetism, rotating the magnetization direction in the ferromagnet has no influence on the Josephson current flow as long as SOC is absent. The situation becomes different if interfacial Rashba spin-orbit fields are present. Figure 21 shows the dependence of the critical current on the spin polarization in the interlayer for the considered Josephson junctions in the presence of interfacial Rashba spin-orbit fields λ aligned either perpendicular (Θ = 0 and Φ = 0; abbreviated with "out") or parallel (Θ = π/2 and Φ = 0; abbreviated with "in") to the ferromagnetic layer. Compared to the junctions without interfacial SOC, increasing the exchange splitting (spin polarization) leads to only one crossover from 0 to π states at P ≈ 0.125. The other three 0-π transitions, which we predict by changing the spin polarization in the absence of Rashba SOC (see Fig. 20 ), are suppressed if Rashba spin-orbit fields with strength λ α L = λ α R = 2.0 are present at the junction interfaces. Consequently, the junctions are now in stable π states for all spin polarizations 0.125 P ≤ 1. Particularly for 0.4 ≤ P ≤ 0.775, this means that the presence of sufficiently strong Rashba SOC facilitates transitions from 0 to π states, confirming our previous findings that interfacial Rashba SOC might be used to manipulate 0-π transitions effectively. By comparing the I C -P relation to the calculated maximal MAJC amplitudes in Fig. 18 , we assert that the huge MAJC ratios also mainly appear in that range of spin polarizations (0.4 ≤ P ≤ 0.775), for which the Rashba spin-orbit fields cause transitions from 0 states (see Fig. 20 ) to π states (see vicinity of dashed violet line in Fig. 21 ). This observation suggests that the π states, induced by interfacial Rashba SOC, are extremely sensitive to a change of the magnetization direction in the ferromagnetic layer so that rotating the magnetization from the "out" to the "in" configuration can give rise to huge relative anisotropies in the Joseph 7 cm −1 in iron [64] )-so that the predicted huge MAJC ratios should also be observable in future experiments. If the metallic link is replaced by a half-metallic ferromagnet with spin polarization P = 1.0 (see Fig. 23 ), the qualitative features of the out-ofplane MAJC do not change. Nevertheless, we observe that the maximal amplitudes of the MAJC get drastically suppressed compared to the previous case with spin po- larization P = 0.7. Moreover, the MAJC amplitudes are less sensitive to changes of the interlayer thickness than in the preceding systems and are nearly independent of
The impact of changing the spin polarization in the ferromagnet or the interlayer thickness on the inplane MAJC is similar to the one on the out-ofplane MAJC. Therefore, we do not present explicit calculations for the in-plane MAJC here. We also examine in Sec. VII, whether the interplay of ferromagnetism and the present spin-orbit fields could offer another practical possibility to switch between 0 and π states by solely rotating the magnetization direction in the ferromagnet. From an experimental point of view, the magnetization direction could be changed by using Josephson junctions in which the interlayer consists of dysprosium magnets together with the application of an external magnetic field as explained in detail in Sec. VI. To get a first theoretical impression, we regard the dependence of the Josephson current on the effective interlayer thickness k F d for a realistic system with spin polarization P = 0.7, moderate interfacial barriers (Z L = Z R = 0.5), and various strengths of Rashba SOC in the cases that the magnetization is aligned either perpendicular to the ferromagnetic layer (Θ = 0 and Φ = 0; abbreviated with "out") or in a plane parallel to the ferromagnetic layer (Θ = π/2 and Φ = 0; abbreviated with "in") in Fig. 24 . As before, the superconducting phase difference across the junction is set to a fixed value of φ S = 0.3π, which is sufficient to deduce qualitative trends. Indeed, we assert that rotat-ing the magnetization in the ferromagnetic layer from the "out" to the "in" configuration may reverse the direction (sign) of the Josephson current flow for certain combinations of the effective interlayer thickness k F d and Rashba SOC strengths λ α (see shaded regions in Fig. 24 ), which might be a first indication for the emergence of 0-π transitions. It is important to stress that the intervals of k F d, for which the Josephson current can switch its sign, probably signifying 0-π transitions, depend very sensitively on the Rashba SOC strength λ α as one can see by comparing the shaded areas in the different panels of Fig. 24 , referring to different λ α , respectively. Also the strength of the exchange splitting (spin polarization) in the ferromagnet may have a substantial impact on the magnetization orientation controlled 0-π transitions. In Sec. VII, we present a more detailed investigation focusing on the Rashba SOC strength λ α L = λ α R = 0.8, for which changing the magnetization direction from the "out" to the "in" configuration can reverse the direction of the Josephson current flow in a comparatively wide range of interlayer thicknesses in the vicinity of k F d = 14.0 [see shaded region around k F d = 14.0 in Fig. 24(b) ]. However, the results in Fig. 24 suggest that analog features can occur in junctions with other interlayer thickness or Rashba SOC strength likewise so that an experimental verification of our predictions is not necessarily restricted to the presented junction parameters.
